Abstract. We use the finite lattice method to calculate the radius of gyration, the first and second area-weighted moments of self-avoiding polygons on the square lattice. The series have been calculated for polygons up to perimeter 82. Analysis of the series yields high accuracy estimates confirming theoretical predictions for the value of the size exponent, ν = 3 4 , and certain universal amplitude combinations. Furthermore, a detailed analysis of the asymptotic form of the series coefficients provide the firmest evidence to date for the existence of a correction-to-scaling exponent, = 3 2 .
Introduction
A self-avoiding polygon (SAP) can be defined as a walk on a lattice which returns to the origin and has no other self-intersections. The history and significance of this problem is nicely discussed in [1] . Generally, SAPs are considered distinct up to translations, so if there are p n SAPs of perimeter length n there are 2np n walks (the factor of two arising since the walk can go in two directions). In addition to enumerations by perimeter, one can also enumerate polygons by the enclosed area (or number of unit cells), or both perimeter and area. Of particular interest are the first few area-weighted moments of the perimeter generating function. Also of great interest is the mean-square radius of gyration, which measures the typical size of a SAP. This paper builds on the work of Enting [2] who used transfer matrix techniques to enumerate square lattice polygons by perimeter to 38 steps. This enumeration was later extended by Enting and Guttmann to 46 steps [3] and then to 56 steps [4] . This latter work also included calculations of moments of the caliper size distribution. Hiley and Sykes [5] obtained the number of square lattice polygons by both area and perimeter up to perimeter 18. Enting and Guttmann extended the calculation to perimeter 42 [6] . The radius of gyration was calculated for SAPs up to 28 steps by Privman and Rudnick [7] , using a technique based on direct counting of compact site animals on the dual lattice. Recently, Jensen and Guttmann devised an improved algorithm for the enumeration of SAPs and extended the calculation to 90 steps [8] . The work reported here is based on generalizations of this improved algorithm. This has enabled us to extend the calculation of the radius of gyration and the first two areaweighted moments to 82 step SAPs. The generalization of the transfer matrix technique to area-weighted moments is similar to the one used by Conway [9] in his calculation of series for percolation problems and lattice animals. The generalization to the radius of gyration has to our knowledge no counterpart in the published literature, and represents a major advance in the design of efficient counting algorithms. Previous calculations of the radius of gyration were based on direct counting algorithms. The transfer matrix algorithm used in this paper is exponentially faster and thus enables us to significantly extend the series (see [8] for further details).
The size exponent, ν, for SAPs is believed to be identical to that of self-avoiding walks (SAWs). This has been argued theoretically from the connection between the energy-energy and spin-spin correlation functions of the n-vector model in the limit n → 0, and SAPs and SAWs, respectively [10, 11] . Alternatively, it has also been obtained from real space renormalization group arguments [12] . The exponent describing the growth of the mean area of polygons of perimeter n is expected to be 2ν [13] . Intuitively this is not surprising since it just means that the average area of a polygon is proportional to the square of the radius of gyration. So one is merely finding that for this problem the typical area and typical length scale match one another nicely. These expectations have been confirmed reasonably accurately by numerical work [4, 6, 7] .
The functions we consider in this paper are: (i) the polygon generating function, P(u) = p n u n ; (ii) kth area-weighted moments of polygons of perimeter n, a k n ; and (iii) the mean-square radius of gyration of polygons of perimeter n, R 2 n . These quantities are expected to behave as
where
c is the reciprocal of the critical point of the generating function, and α = 1 2 and ν = 3 4 are known exactly [14] , though non-rigorously. It is also known [15] that the amplitude combination E (1) /D is universal, and that
where a 0 is the area per site and σ is an integer such that p n is non-zero only if n is divisible by σ . For the square lattice a 0 = 1 and σ = 2. These predictions have been confirmed numerically [15, 16] .
In the next section we describe the generalization of the finite lattice method required in order to calculate the radius of gyration and area-weighted moments of SAPs. The results of the analysis of the series are presented in section 3.
Enumeration of SAPs
The method used to enumerate SAPs in this work is based on the method devised by Enting [2] for enumerations by perimeter and uses the enhancements of Jensen and Guttmann [8] . In the following we first very briefly outline the original method and then show how to generalize it in order to calculate area-weighted moments and the radius of gyration. Details of the algorithm can be found in the papers cited above.
The first terms in the series for the perimeter generating function can be calculated using transfer matrix techniques to count the number of polygons spanning (in both directions) rectangles W + 1 edges wide and L + 1 edges long. The transfer matrix technique involves drawing a boundary through the rectangle intersecting a set of W + 2 edges. For each configuration of occupied or empty edges along the boundary we maintain a (perimeter) generating function for partially completed polygons. Polygons in a given rectangle are enumerated by moving the boundary so as to add one site at a time. Due to the obvious symmetry of the lattice one need only consider rectangles with L W . Any polygon spanning such a rectangle has a perimeter of length at least 2(W +L [8] . In addition to the dominant exponential growth in memory requirements there is a prefactor, which is proportional to the number of terms n max .
Area-weighted moments
Area-weighted moments can easily be calculated from the perimeter and area generating function
where c n,m is the number of polygons with perimeter n and area m. From this we get the area-weighted generating functions,
and we define the average moments of area for a polygon with perimeter n:
In order to calculate the moments of area through this approach we need to calculate a full two-parameter generating function, which generally will require a lot of computer memory. If we are only interested in the first few moments there is a much more efficient approach [9] . We simply replace the variable v by 1 + z thus obtaining the function
Let, F i (u), be the coefficient of z i in F (u, z). Then we see that
and so on. Thus if we are only interested in the first and second moments of area we can truncate the series F (u, z) at second order in z and find the relevant moments as
The growth in memory requirements is still dominated by the exponential growth in the number of configurations. However, we have managed to turn the calculation of these moments from a problem with a prefactor cubic in W max (the area is proportional to W 2 max ) into a problem with a prefactor linear in W max .
Radius of gyration
In the following we show how the definition of the radius of gyration can be expressed in a form suitable for a transfer matrix calculation. Note that we define the radius of gyration according to the vertices of the SAP and that the number of vertices equals the perimeter length. The radius of gyration of n points at positions r i is
This last expression is suitable for a transfer matrix calculation. As usual [7] we actually calculate the generating function, R 2 g (u) = n p n R 2 n n 2 u n . In order to do this we have to maintain five partial generating functions for each possible boundary configuration σ , namely:
• P (u), the number of (partially completed) polygons according to perimeter.
• R 2 (u), the sum over polygons of the squared components of the distance vectors.
• X(u), the sum of the x-component of the distance vectors.
• Y (u), the sum of the y-component of the distance vectors.
• XY (u), the sum of the 'cross' product of the components of the distance vectors, e.g., i>j (x i x j + y i y j ).
As the boundary line is moved to a new position each boundary configuration σ might be generated from several configurations σ in the previous boundary position. The partial generation functions are updated as follows:
where n(σ ) is the number of occupied edges added to the polygon and δ = min(n(σ ), 1).
Further particulars
Finally a few remarks of a more technical nature. The number of contributing configurations becomes very sparse in the total set of possible states along the boundary line and as is standard in such cases one uses a hash-addressing scheme. Since the integer coefficients occurring in the series expansions become very large, the calculation was performed using modular arithmetic. Up to eight primes were needed to represent the coefficients correctly. Further details and references are given in [8] . The series for the radius of gyration and area-moments were calculated for SAPs with perimeter length up to 82. The maximum memory required for any given width did not exceed 2 Gb. The calculations were performed on an eight node Alpha Server 8400 with a total of 8 Gb memory. The total CPU time required was about three days per prime. Obviously the calculation for each width and prime are totally independent and several calculations were done simultaneously.
In table 1 we have listed the series for the radius of gyration and first and second areaweighted moments. The series for the radius of gyration of course agree with the terms up to length 28 computed previously [7] , while the terms up to length 40 for the first area moment agree with the series in [6] . The number of polygons of length 56 can be found in [4] while those up to length 90 were reported in [8] . Table 1 . The mean-square radius of gyration, first and second area-moments of n-step SAPs on the square lattice. Only non-zero terms are listed.
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Analysis of the series
The series listed in table 1 have coefficients which grow exponentially, with sub-dominant term given by a critical exponent. The generic behaviour is G(u) = n g n u n ∼ (1 − u/u c ) −ξ , and hence the coefficients of the generating function g n ∼ µ n n ξ −1 , where µ = 1/u c . To obtain the singularity structure of the generating functions we used the numerical method of differential approximants [17] . In particular, we used this method to estimate the critical exponents (we already have very accurate estimates for u c from [8] ). Since all odd terms in the series are zero and the first non-zero term is g 4 we actually analysed the function F (u) = n g 2n+4 u n . Combining the relationship given above between the coefficients in a series and the critical behaviour of the corresponding generating function with the expected behaviour (1) of the mean-square radius of gyration and moments of area yields the following prediction for their generating functions:
Thus we expect these series to have a critical point, u c = 1/µ 2 = 0.143 680 629 27(1), known to a very high degree of accuracy from the analysis in [8] , and as stated previously the exponent α = 1 2 , while it is expected that ν = For each order L of the inhomogeneous polynomial we averaged over those approximants to the series which used at least the first 80-90% of the terms of the series. We used only approximants where the difference between N , M, and K did not exceed 2. Some approximants were excluded from the averages because the estimates were obviously spurious. The error quoted for these estimates reflects the spread (basically one standard deviation) among the approximants. Note that these error bounds should not be viewed as a measure of the true error as they cannot include possible systematic sources of error. In table 2 we have listed the results of our analysis. It is evident that the estimates for u c and the critical exponents are in agreement with the expected behaviour. There are only some minor discrepancies in the fourth digit between the conjectured exponents and the estimates. This discrepancy is readily resolved by looking at the evidence in figure 1 , where we have plotted the estimates for the critical point and exponent of R 2 g . Each point in these figures represent an estimate obtained from a specific second order differential approximant with the various points obtained by varying the order of the polynomials in the approximants. It is clear that the estimates have not yet settled down to their asymptotic values and that they do converge towards the expected values as the number of terms used by the approximants is increased.
Now that the exact values of the exponents has been confirmed we turn our attention to the 'fine structure' of the asymptotic form of the coefficients. In particular, we are interested in obtaining accurate estimates for the amplitudes B, D and E (1) . We do this by fitting the coefficients to the assumed form (1) .
The asymptotic form of the coefficients p n of the polygon generating function has been studied in detail previously [8, 18] . As argued in [18] there is no sign of non-analytic corrections-to-scaling exponents to the polygon generating function and one therefore finds that Table 2 . Estimates for the critical point u c and exponents obtained from second-order differential approximants to the series for the radius of gyration, first and second moments of area of square lattice SAPs. L is the order of the inhomogeneous polynomial. This form was confirmed with great accuracy in [8] . Estimates for the leading amplitude B = a 0 can thus be obtained by fitting p n to the form given in equation (11) . In order to check the behaviour of such estimates we did the fitting using from 2 to 10 terms in the expansion. The results for the leading amplitude are displayed in figure 2 . We notice that all fits appear to converge to the same value as n → ∞, and that, as more and more correction terms are added to the fits the estimates exhibits less curvature and that the slope become smaller (although the fits using ten terms are a little inconclusive). This is very strong evidence that (11) indeed is the correct asymptotic form of p n . We estimate that B = 0.562 301 2(1). The asymptotic form of the coefficients r n in the generating function for the radius of gyration has not been studied previously. When fitting to a form similar to equation (11), assuming that here are only analytic corrections-to-scaling, we find that the amplitudes of higher order terms are very large and that the leading amplitude converge rather slowly. This indicates that this asymptotic form is incorrect. We find that the coefficients fit better if we assume a leading non-analytic correction-to-scaling exponent = . This result confirms the prediction of Nienhuis [14] . Note, that since the polygon generating function exponent 2 − α = is perfectly consistent with the asymptotic form (11) . Because 2 − α + is an integer the non-analytic correction term becomes part of the analytic background term [18] . We thus propose the following asymptotic form:
Alternative we could fit to the form
In figure 3 we show the leading amplitudes resulting from such fits while using from 1 to 10 terms in these expansions. Also shown in these figures (solid lines) are the predicted exact value of BD, given in equation (2), and the prediction for D using the estimate for B obtained above. As can be seen the leading amplitudes clearly converge towards their expected values and from these plots we can conclude that the prediction for BD has been confirmed to at least six digit accuracy. Assuming that equation (2) is exact and using the very accurate estimate for B we find that D = 0.056 309 44(1). Fitting the coefficients for the area-weighted moments to asymptotic forms similar to equations (12) and (13) above (only the leading exponent was changed accordingly) leads to the estimates E (1) = 0.141 520(1) and E (2) = 0.021 250 5(4). As stated above, the analysis of the polygon generating function is fully consistent with the prediction = 3 2 . However, all one can conclude from the analysis is that, if nonanalytic correction-to-scaling terms are present, the exponents have to be 'half-integer', so that the correction terms become part of the analytic background. The detailed analysis of the asymptotic form of the coefficients in the generating functions for the radius of gyration and area-weighted moments provide the firmest evidence to date for the actual existence of a leading non-analytic correction to scaling exponent = 3 2 , thus confirming the theoretical predictions made by Nienhuis [14] .
Conclusion
We have presented an improved algorithm for the calculation of the radius of gyration and area-weighted moments of SAPs on the square lattice. This algorithm has enabled us to calculate these series for polygons up to perimeter length 82. Our extended series enables us to give very precise estimate of the critical exponents, which are consistent with the exact values α = . We also obtain a very precise estimate for the amplitude B = 0.562 301 2(1). Analysis of the coefficients of the radius of gyration series yielded results fully compatible with the prediction BD = 5/16π
2 . This allows us to obtain the very accurate estimate D = 0.056 309 44 (1) . From the first area-weighted moment we obtained the estimate E (1) = 0.141 520(2), which allows us to give a much improved estimate for the universal amplitude ratio E (1) /D = 2.513 26(3). We also find firm evidence for the existence of a non-analytic correction-to-scaling term with exponent = 
E-mail or WWW retrieval of series
The series for the various generating functions studied in this paper can be obtained via e-mail by sending a request to I.Jensen@ms.unimelb.edu.au or via the world wide web on the URL http://www.ms.unimelb.edu.au/˜iwan/ by following the instructions.
